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Using mode coupling theory and dynamical Monte-Carlo simulations we investigate the scaling
behaviour of the dynamical structure function of a two-species asymmetric simple exclusion process,
consisting of two coupled single-lane asymmetric simple exclusion processes. We demonstrate the
appearence of a superdiffusive mode with dynamical exponent z = 5/3 in the density fluctuations,
along with a KPZ mode with z = 3/2 and argue that this phenomenon is generic for short-ranged
driven diffusive systems with more than one conserved density. When the dynamics is symmetric
under the interchange of the two lanes a diffusive mode with z = 2 appears instead of the non-KPZ
superdiffusive mode.
PACS numbers: 05.60.Cd, 05.20.Jj, 05.70.Ln, 47.10.-g
Transport in one dimension has been known for a long
time to be usually anomalous [1, 2]. Signatures of this be-
haviour are a superdiffusive dynamical structure function
and a power law divergence of transport coefficients with
system size, characterized by universal critical exponents.
Unfortunately, however, despite a vast body of work, an-
alytical results for model systems have remained scarce
and numerical results are often inconclusive. Therefore
the exact calculation [3] of the dynamic structure func-
tion for the universality class of the Kardar-Parisi-Zhang-
equation [4] with dynamical exponent z = 3/2 some ten
years ago came as a major breakthrough. This function
was obtained for a specific driven diffusive system, the
asymmetric simple exclusion process which has a single
conserved density and hence a single mode, the KPZ-
mode. By virtue of universality many results for other
types of systems such as growth models [5], hard-core
particle systems [6] or anharmonic chains [7, 8] can thus
be understood in terms of the KPZ universality class.
More recently it was established in the context of an-
harmonic chains [9] and very general short-ranged one-
dimensional Hamiltonian systems [10] that in the pres-
ence of more than one conserved quantity the dynamics
is richer and other modes have to be expected. In par-
ticular, in systems with three conservation laws a heat
mode with z = 5/3 (corresponding to a divergent finite-
size heat conductivity C ∝ L1/3) or a diffusive mode
with z = 2 may be present besides two KPZ modes. The
main assumption underlying these conclusions is that the
relevant slow modes are given by the long wave length re-
laxation behaviour of the conserved quantities [2, 10].
Going back to driven diffusive systems we note that
somewhat surprisingly, there is little information about
the dynamical structure function in driven diffusive sys-
tems with more than one conservation law. In one di-
mension these systems are known to exhibit extremely
rich stationary and dynamical behaviour and they serve
widely as paradigmatic models for the detailed study of
non-equilibrium phenomena. In view of this it is of inter-
est to explore the transport properties of such systems,
in particular which modes govern the fluctuations of the
locally conserved slow modes.
In this spirit Ferrari et al. [11] studied very recently a
two-species exclusion process, using mode-coupling the-
ory and Monte-Carlo simulations, and found two very
clean KPZ-modes, but no other modes. For a similar
model, exact finite size scaling analysis of the spectrum
indicates a dynamical exponent z = 3/2 [12]. In older
work on other lattice gas models with two conservation
laws the presence of a KPZ mode and a diffusive mode
was observed [13, 14]. So far there has been no indica-
tion of the existence of a heat mode. In the light of the
work [9, 10] on short-ranged Hamiltonian systems this is
intriguing and raises the question whether a mode with
z = 5/3 can exist in driven diffusive systems, and, if
yes, how many conservation laws are required to gener-
ate it. In this letter we answer these questions by us-
ing the mode coupling theory developed in [9, 11] for
non-linear fluctuating hydrodynamics and by confirming
the analytical findings with Monte-Carlo simulations of a
two-species asymmetric simple exclusion process. It will
transpire that a superdiffusive z = 5/3 mode along with
a KPZ mode exists and that two conservation laws are
sufficient to generate the phenomenon. Also a KPZ mode
along with a diffusive mode can occur on a line of higher
symmetry, which is reminiscent of a similar behaviour in
anharmoic chains [9].
We consider the following stochastic lattice gas model.
Particles hop randomly on two parallel chains with N
sites each, without exchanging the lane, unidirectionally
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Figure 1: Schematic representation of the two-lane totally
asymmetric simple exclusion process. A particle on lane 1
(2) hops to the neighbouring site (provided this target site is
empty) with rate rm (dn), where m (n) is the number of par-
ticles on the adjacent sites of the other lane that are marked
by a cross.
and with a hard core exclusion and periodic boundary
conditions. We denote the particle occupation number
on site k in the first (upper) lane by nk , and on the
other lane by mk. A hopping event from site k to site
k + 1 on the same lane may happen if site k is occupied
and site k + 1 is empty. The rate of hopping depends
on the sum of particle numbers at sites k, k + 1 on the
adjacent lane as follows (Fig. 1): Let us denote the sum
of particles on the sites k, k + 1 at the second lane as
m := mk + mk+1. Then the rates rm of hopping from
site k to site k + 1 on the first lane are given by
rm = 1 +
γm
2
, (1)
where γ is a coupling parameter. Analogously, the rates
dn of hopping from site k to site k + 1 on the second
(lower) lane are given by
dn = b +
γn
2
(2)
with the sum of particles n := nk + nk+1 on the sites
k, k + 1 at the first lane. Since there is only hopping
within lanes, the total number of particles Mi in each
lane is conserved. The parameter b makes the lanes in-
equivalent. Since the rates have to be nonnegative, if
follows that γ ≥ −min(1, b). For b = 1 we recover the
two-lane model of [15].
The model in a more general multilane geometry was
introduced in [16]. It was shown that the choice of rates
(1), (2) results in a stationary distribution which is a
product measure, both between lanes and between the
sites. For the two-lane system that we study here this
leads to stationary currents
j1(ρ1, ρ2) = ρ1(1 − ρ1)(1 + γρ2)
j2(ρ1, ρ2) = ρ2(1 − ρ2)(b + γρ1) (3)
where ρ1,2 =M1,2/N are the densities of particles in the
first and second lane respectively. Notice that a product
measure corresponds to a grandcanonical ensemble with
a fluctuating particle number. These fluctuations are de-
scribed by the symmetric compressibility matrix C with
matrix elements
Cij =
1
N
< (Mi−ρiN)(Mj−ρjN) >= ρi(1−ρi)δi,j . (4)
The starting point for investigating the large-scale dy-
namics of this microscopic model is the system of conser-
vation laws ∂tρi(x, t)+∂xji(x, t) = 0 where ρi(x, t) is the
coarse-grained local density of component i, and ji(x, t)
is the associated current given as a function of the local
densities by (3) [17]. These equations can be written in
vector form as
∂
∂t
~ρ+A
∂
∂x
~ρ = 0 (5)
where ~ρ is the column vector with the densities as en-
tries and A is the current Jacobian with matrix elements
Aij = ∂ji/∂ρj. Its eigenvalues ci are the characteristic
velocities which on microscopic scale are the speeds of lo-
cal perturbations [15]. The matrix S = AC is symmetric
[18] which guarantees that the system (5) is hyperbolic
[19].
Eq. (5) describes the deterministic time evolution of
the density under Eulerian scaling. The effect of fluc-
tuations, which occur on finer space-time scales, can be
captured by adding phenomenological white noise terms
ξi and taking the non-linear fluctuating hydrodynamics
approach together with a mode-coupling analysis of the
non-linear equation [11]. In this framework one expands
the local densities around their long-time stationary val-
ues ρi(x, t) = ρi + ui(x, t) and transforms to normal
modes ~φ = R~u where A is diagonal. The transforma-
tion matrix R uniquely defined by RAR−1 = diag(ci)
and the normalization condition RCRT = 1. Keeping
terms to first non-linear order yields
∂tφi = −∂x
(
ciφi +
1
2
〈~φ,G(i)~φ〉 − ∂x(D~φ)i + (B~ξ)i
)
.
(6)
Here the angular brackets denote the inner product in
component space and
G(i) =
1
2
∑
j
Rij(R
−1)TH(j)R−1. (7)
are the mode coupling matrices obtained from the Hes-
sian H(i) with matrix elements ∂2ji/∂ρj∂ρk. The matri-
cesD (transformed diffusion matrix) and B (transformed
noise strength) do not appear explicitly below.
For strictly hyperbolic systems the normal modes have
different speeds and hence their interaction becomes very
weak for long times. Thus, by identifying φi with the gra-
dient of a height variable one has to leading order generi-
cally two decoupled KPZ-equations with nonlinearity co-
efficients G
(i)
ii . The other diagonal elements G
(i)
jj provide
the leading corrections to the KPZ modes, the offdiago-
3out the scenarios relevant to our model, as predicted by
mode-coupling theory. (i) If both G
(1)
11 and G
(2)
22 are non-
zero we expect two KPZ modes with z = 3/2. (ii) On the
other hand, if e.g. G
(1)
11 = 0, but G
(1)
22 6= 0 and G
(2)
22 6= 0,
then mode coupling theory predicts mode 1 to be a su-
perdiffusive mode with z = 5/3 and mode 2 to be KPZ.
(iii) Finally, if both G
(1)
11 = G
(1)
22 = 0 but G
(2)
22 6= 0 then
mode 1 becomes diffusive, while mode 2 is KPZ.
For our system, the explicit forms of A and H(i) are
A =
(
(1 + γρ2)(1 − 2ρ1) γρ1(1− ρ1)
γρ2(1 − ρ2) (b + γρ1)(1− 2ρ2)
)
(8)
H(1) =
(
−2(1 + γρ2) γ(1− 2ρ1)
γ(1− 2ρ1) 0
)
(9)
H(2) =
(
0 γ(1− 2ρ2)
γ(1− 2ρ2) −2(b+ γρ1)
)
(10)
To prove that all three scenarios (i) - (iii) can be realized,
we choose ρ1 = ρ2 =: ρ and for convenience we set γ = 1.
Consider first b = 2. Then
R = R0
(
1− ρ −ρ
ρ 1− ρ
)
(11)
where R−10 =
√
ρ(1− ρ)(ρ2 + (1 − ρ)2). The character-
istic velocities are
c1 = 1− ρ− 3ρ
2, c2 = 2− 3ρ− ρ
2 (12)
The matrices G(1), G(2) are symmetric and have ma-
trix elements G
(1)
11 = −2g0(6ρ
4 − 8ρ3 + 5ρ2 + ρ − 1),
G
(1)
12 = G
(1)
21 = g0(4ρ
3 − 10ρ2 + 8ρ − 1), G
(1)
22 =
−2g0ρ(1 − ρ)(2ρ
2 − 6ρ + 3) and G
(2)
11 = 4g0ρ(1 − ρ),
G
(2)
12 = G
(2)
21 = −g0(1 − 2ρ
2)2, G
(2)
22 = 4g0(1 − 3ρ(1 − ρ))
with g0 = −1/2
[
ρ(1− ρ)/(1− 2ρ(1− ρ))3
]1/2
. There-
fore, generically condition (i) for the presence of two KPZ
modes is satisfied. However, while G
(2)
11 6= 0 and G
(2)
22 6= 0
∀ρ ∈ (0, 1), the self coupling coefficient G
(1)
11 changes sign
at ρ∗ = 0.45721 . . . . Since G
(1)
22 (ρ
∗) 6= 0, the condition for
case (ii), KPZ mode plus superdiffusive non-KPZ mode,
is thus satisfied at density ρ = ρ∗. In fact, diagonaliz-
ing A for arbitrary densities ρ1, ρ2 one can show that for
b 6= 1 there is a curve in the space of densities where con-
dition (ii) is satisfied. On the other hand, there is no den-
sity where condition (iii), G
(1)
11 = G
(1)
22 = 0, is satisfied.
Indeed, numerical inspection of the mode coupling matri-
ces for several other parameter choices of γ and b suggests
that condition (iii) cannot be satisfied when b 6= 1.
Next we study b = 1. In this case the system is sym-
metric under interchange of the two lanes, which is re-
flected in the relation j2(ρ1, ρ2) = j1(ρ2, ρ1) for the cur-
rents (3). Calculating the mode coupling matrices for
ρ1 = ρ2 =: ρ and γ = 1 yields
G(1) = g˜0(1 + ρ)
(
0 1
1 0
)
, G(2) = g˜0
(
2− ρ 0
0 3ρ
)
(13)
with g˜0 = −
√
2ρ(1− ρ). Interestingly, in this case con-
dition (iii) is satisfied for all ρ, i.e., mode 1 is expected
to be diffusive and mode 2 is KPZ. The occurrence of
a diffusive mode is somewhat counter-intuitive as both
particle species interact and hop in a totally asymmetric
fashion which in the case of the AHR-model prevents the
existence of a diffusive mode [11].
In order to check the predictions of mode coupling the-
ory we performed dynamical Monte-Carlo simulations,
using a random sequential update where in each step
a random site is chosen uniformly and jumps are per-
formed with probabilities determined by normalizing the
jump rates (1), (2) by the largest jump rate, provided
the target site is empty. A full Monte Carlo time step
then corresponds to 2N such update steps. The initial
distribution is sampled from the uniform distribution, ex-
cept for the occupation number at site N/2 which is de-
termined according to the normal modes given by the
transformation matrix R. Averages are performed over
up to 108 realizations of the process and N = 200 . . . 300.
In order to measure the dynamical exponent, we com-
pute the first and second moment of the dynamical
structure function, from which we obtain the variance
σ(t) =< X2(t) > − < X(t) >2∝ t2/z of the density
distribution as a function of time.
In order to test the existence of a superdiffusive non-
KPZ mode we have chosen γ = −0.52588 and b = 1.3.
This yields G
(2)
22 = 0 at ρ
∗
1 = ρ
∗
2 = 0.5500003 ≈ 55/100.
The matrices G(1), G(2) become
G(1) =
(
0.2950 0.0717
0.0717 0.3157
)
, G(2) =
(
0.0706 0.2972
0.2972 0
)
which means that mode 2 is expected to be a non-KPZ
mode and mode 1 is KPZ. The corresponding characteris-
tic velocities are c1(ρ
∗) = −0.2171, c2(ρ
∗) = 0.0449. and
the eigenvectors are (−0.7465, 0.6654)T for c2 (non-KPZ
mode) and (0.6654, 0.7465)T for c1 (KPZ mode).
The simulations confirm the predictions, see Figs. 2
and 3. For both modes the measured velocity differs
from the theoretical prediction by less than 0.003. A
linear least-square fit on log-log scale of the simulation
results for the variance of the non-KPZ mode 2 yields
2/zMC2 = 1.19 ± 0.02, very close to the mode-coupling
value 2/z2 = 6/5 = 1.2. For the amplitude ∝ t
−1/z at the
maximum as a function of time we find 1/zMC2 = 0.58,
also in good agreement with 1/z2 = 0.6. The fitted expo-
nent 2/zMC1 = 1.302 of the KPZ mode 1 deviates slightly
from 4/3, which is consistent with the strong coupling to
the non-KPZ mode: The matrix element G
(1)
22 ≈ 0.63 is
larger than the KPZ self-coupling constant G
(1)
11 ≈ 0.59.
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Figure 2: (Colour online) Case (ii): Dynamical structure func-
tions for particles on chain 1, for the KPZ mode (top) and the
non-KPZ mode (bottom) at different times from Monte Carlo
simulations, averaged over 107(17 · 107) histories for the KPZ
(non-KPZ) mode for N = 300 (N = 200). Statistical errors
are smaller than symbol size.
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Figure 3: (Colour online) Case (ii). Variance of the dynamical
structure function shown in Fig. 2. as function of time. The
lines with the predicted universal slopes 2/z = 4/3 for KPZ
mode (top) and 2/z = 6/5 for the non-KPZ mode (bottom)
are guides to the eye. Error bars (not shown) are approxi-
mately symbol size.
In order to test case (iii) (KPZ and diffusive mode),
we choose γ = −0.8, b = 1, ρ1 = ρ2 = 0.5. The character-
istic velocities are c1 = −0.2 (eigenvector (1, 1)
T/
√
(2))
and c1 = 0.2 (eigenvector (1,−1)
T /
√
(2)). The mode
coupling matrices are given by
G1 = 0.2121
(
1 0
0 1
)
, G2 = 0.2121
(
0 1
1 0
)
corresponding to a KPZ mode 1 and diffusive mode 2, see
Figs. 4 and 5. The characteristic velocities agree with
the theoretical prediction with an accuracy of better than
1% and also the measured scaling exponents 2/zMC1 =
1.343, 2/zMC2 = 1.030 are in good agreement with the
theoretical prediction 2/z1 = 4/3 and 2/z2 = 1. We
have also verified numerically the occurrence of two KPZ
modes for generic values of the densities. This behaviour
is expected and data are not shown here.
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Figure 4: (Colour online) Case (iii): Dynamical structure
function of the diffusive mode for particles on chain 2 with
N = 300, with c2 = 0.2 (bottom) at different times t, from
Monte Carlo simulations, averaged over 107 histories. Statis-
tical errors are smaller than symbol size.
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Figure 5: (Colour online) Case (iii). Variance of the dynam-
ical structure function shown in Fig. 4. as function of time.
The line with the predicted universal slope 2/z = 1 for the
diffusive mode (bottom) are guides to the eye. Error bars
(not shown) are approximately symbol size.
In summary, we have shown that the two-lane asym-
metric simple exclusion process with two conservation
laws exhibits anomalous transport and has a superdiffu-
sive non-KPZ mode with dynamical exponent z = 5/3
on a line in the space of conserved densities (ρ1, ρ2), pro-
vided that the model is not symmetric under lane change.
In the latter case of higher symmetry a diffusive mode can
occur instead of the non-KPZ mode. This is surprising as
the hopping of both particle species is totally asymmet-
ric. We did not find any point in parameter space where
the KPZ mode would be completely absent. We argue
that the existence of a superdiffusive non-KPZ mode is
generic for driven diffusive systems with more than one
conservation law and will generally occur at some specific
manifold in the space of conserved densities ρi. This new
5universality class for anomalous transport in driven dif-
fusive systems is expected to result in a novel exponent
for the stationary density profile in open systems [20].
An interesting open problem that is raised by our find-
ings is the role of symmetries for the suppression of the
non-KPZ mode and the occurence of a diffusive mode.
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